We advocate for the systematic use of a symmetrized definition of time delay in scattering theory. In two-body scattering processes, we show that the symmetrized time delay exists for arbitrary dilated spatial regions symmetric with respect to the origin. It is equal to the usual time delay plus a new contribution, which vanishes in the case of spherical spatial regions. We also prove that the symmetrized time delay is invariant under an appropriate mapping of time reversal. These results are also discussed in the context of classical scattering theory.
Introduction
This paper is devoted to the definition of time delay (in terms of sojourn times) in scattering theory. Its purpose is to advocate for the systematic use of a symmetrized definition of time delay. Our main arguments supporting this point of view are the following: (A) Symmetrized time delay generalizes to multichannel-type scattering processes. Usual time delay does not.
(B) In two-body scattering processes, symmetrized time delay and usual time delay are equal.
(C) In two-body scattering processes, symmetrized time delay does exist for arbitrary dilated spatial regions symmetric with respect to the origin (usual time delay does exist only for spherical spatial regions [9] ). It is equal to the usual time delay plus a new contribution, which vanishes in the case of spherical spatial regions.
(D) Symmetrized time delay is invariant under an appropriate mapping of time reversal. Usual time delay is not.
Our purpose in this paper is to give the precise meaning and the proof of these statements.
Let us first recall the usual and the symmetrized definition of time delay for a twobody scattering process in
Consider a bounded open set Σ in R d containing the origin and the dilated spatial regions Σ r := {rx | x ∈ Σ}, r > 0. Let H 0 := − 1 2 ∆ be the kinetic energy operator in H := L 2 (R d ) and let H be a selfadjoint perturbation of H 0 such that the wave operators W ± := s-lim t→±∞ e ıtH e −ıtH0 exist and are complete (so that the scattering operator S := (W + ) * W − is unitary). Then one defines for some states ϕ ∈ H and r > 0 two sojourn times, namely: If the state ϕ is normalized the first number is interpreted as the time spent by the freely evolving state e −ıtH0 ϕ inside the set Σ r , whereas the second one is interpreted as the time spent by the associated scattering state e −ıtH W − ϕ within the same region. The (usual) time delay of the scattering process with incoming state ϕ for Σ r is defined as For a suitable initial state ϕ, a sufficiently short-ranged interaction and Σ r spherical, the limit of τ in r (ϕ) as r → +∞ exists and is equal to the expectation value in the state ϕ of the Eisenbud-Wigner time delay operator [2, 3] . For multichannel-type scattering processes such as N -body scattering [10, 5, 7] , scattering with dissipative interactions [6] , step potential scattering [4] and scattering in waveguides [11] , a definition such as (1.1) for time delay is inappropriate. In such cases time delay of the form (1.1) do not admit a limit due to the "non-conservation" of the kinetic energy. Therefore one has to modify the definition (1.1) by replacing the free sojourn time T 0 r (ϕ) with the effective free sojourn time In two-body scattering, this modified (symmetrized) time delay takes the form:
We stress that this effective time delay generalises to multichannel-type scattering processes (i.e. its multichannel counterpart admits a limit as r → +∞), which is not the case for the time delay (1.1). In Section 4.2 we prove that the time delay τ r (ϕ) is invariant under an appropriate mapping of time reversal which interchanges past and future scattering data and reverses the direction of time. In Section 4.3, Theorem 4.6, we give a general existence criterion for the limit τ Σ (ϕ) := lim r→+∞ τ r (ϕ). For arbitrary dilated spatial regions symmetric with respect to the origin, τ Σ (ϕ) is shown to be equal to the usual time delay plus a new contribution, which vanishes in the case of spherical spatial regions (see Remark 4.7). Transformations properties of τ Σ (ϕ) under spatial translations are discussed in Remark 4.9. In the case of scattering by a short-ranged potential we derive stationary formulas for τ Σ (ϕ) in Section 4.4. These results are also discussed in the context of classical scattering theory in Section 3. Section 2 contains some technical results on averaged characteristic functions.
Averaged characteristic functions
Let Σ be a bounded open set in R d containing 0. For each r > 0 we set Σ r := {rx | x ∈ Σ}. We shall simply say that Σ is star-shaped (resp. symmetric) whenever Σ is starshaped (resp. symmetric) with respect to 0. Clearly Σ is star-shaped iff Σ r1 ⊂ Σ r2 for 0 < r 1 ≤ r 2 . Moreover to each open star-shaped set Σ we can associate a strictly positive continuous function ℓ Σ on S d−1 defined by
Conversely to each strictly positive continuous function ℓ on S d−1 one can associate a unique open star-shaped set Σ such that ℓ = ℓ Σ .
We shall also consider the following class of spatial regions Σ (1l Σ stands for the characteristic function for Σ): 
. Then point (a) follows from the equalities
Furthermore we have for λ > 0
which proves point (b). Finally point (c) follows from a direct computation.
We give now some properties of the functions R Σ and G Σ , which follow easily from Lemma 2.2. 
(c) To each set Σ one can associate a unique symmetric star-shaped set Σ such that
Indeed it suffices to take the symmetric star-shaped set Σ defined by the even, strictly positive, continuous function ℓ on S d−1 given by ℓ(ω) := exp(G Σ (ω)).
Symmetrized time delay in classical scattering
It is known [9, Sec. 2] that time delay in classical scattering (defined in terms of sojourn times) does exist only for sequences of dilated balls. In the sequel we recall the definition of the symmetrized time delay in classical scattering and show its existence for (more general) sequences of symmetric spatial regions (we are convinced that sequences Σ r with initial set Σ satisfying Assumption 2.1 is the optimal case, but we prefer not to treat this case for the sake of simplicity). We also show that the symmetrized time delay and the usual time delay are equal for sequences of dilated balls.
We adapt our approach from [9, Sec. 2] . In particular we suppose in the rest of the section that Σ r := {rx | x ∈ Σ}, where Σ is a convex bounded open set (with smooth boundary) in R d containing 0. Let V be a real C 2 -potential with compact support. A scattering trajectory for V is a map Φ :
A scattering trajectory has two asymptotic momenta p ± := lim t→±∞ p(t), where |p ± | = (2E) 1/2 =: p due to energy conservation. Let x(t) := x(t) − tp(t) and denote by −t − and t + (t ± > 0) the times at which the particle enters and leaves the region Σ r . If r is large enough, then Σ r contains the support of v. Therefore p(±t ± ) = p ± and
where x ± := x(±t ± ) and x ± := x(±t ± ). One can define three distinct sojourn times.
The sojourn time in Σ r of the scattered particle is given by
The sojourn time in Σ r of the incoming free particle
with incoming momentum p − , entering time −t − and leaving time t
The sojourn time in Σ r of the outcoming free particle
with outcoming momentum p + , leaving time t + and entering time −t
The (usual) time delay for the finite region Σ r is defined as
It is known that τ in r admits a limit as r → +∞ only if Σ is a ball [9, Sec. 2] . In this case τ in r converges to the classical analogue τ cl of the Eisenbud-Wigner time delay [8] . On the other hand one can also define the symmetrized time delay:
Thus τ r is the mean value of the usual time delay τ The symmetrized time delay (3.6) can be rewritten as
Note that only free trajectories enter in the definition of τ
r . As r → +∞ (i.e. as t ± → +∞) τ Let us now consider the convergence of τ (2) r as r → +∞. Let y(t) := y 0 + tp 0 be an arbitrary free trajectory with p 0 = 0. Let y ∓ be the entrance and exit points of y(t) in Σ r . Since these points are independent of the parametrization we can assume that y(t) = y 0 + tω, ω ∈ S d−1 . Thus
and y ± (0, ω, 1) = ±ωd(±ω), where d(θ) is the distance from the origin to the boundary of Σ in the direction θ ∈ S d−1 . Since Σ is open the functions y ± are continuous w.r.t. to y 0 . Using (3.7) this implies that
Applying (3.8) to the two free trajectories x 0 (t) and x 0 ′ (t), we get
9)
where p ± := p ± /|p ± |. If Σ is a ball, then the remainder term in (3.8) is actually of order O(r −1 ), and
It follows that
Equations (3.11) show the identity of the usual time delay and of the symmetrized time delay in the case of spherical spatial regions.
For an arbitrary Σ, we get from (3.9)-(3.10):
Clearly one has to impose that d( u) − d(− u) = 0 for all u ∈ S d−1 in order to ensure the existence of the limit lim r→+∞ τ (2) r for all possible scattering events. In consequence the limit of τ r as r → +∞ does exist only if the set Σ is symmetric.
Symmetrized time delay in quantum scattering

Sojourn times
In this section we recall some properties of the (quantum) sojourn times associated to the free Hamiltonian
We first recall some definitions.
Σ is a bounded open set in R d containing 0, and Σ r = {rx | x ∈ Σ}. For each r ∈ R * we define the characteristic function
We write 1l H0 (·) for the spectral measure of H 0 and Q for the (vector) position operator in H. We set · := 1 + | · | 2 . We will always assume that: 
It is clear that
Due to Assumption 4.1, one shows easily that these times are finite if ϕ ∈ D 0 . The time delay of the scattering process with incoming state ϕ ∈ D 0 for Σ r is then defined as
Since SD 0 ⊂ D 0 one can also define the symmetrized time delay of the scattering process with incoming state ϕ ∈ D 0 :
Finally we define for each r > 0 the auxiliary sojourn time τ 
Proof. For t ∈ R, set f − (t) := e −ıtH W − ϕ − e −ıtH0 ϕ and f + (t) := e −ıtH W + ϕ − e −ıtH0 Sϕ .
We know from Hypotheses (4.13) and (4.14) that f ± ∈ L 1 (R ± ). Using the inequality
we obtain the estimates
Since s-lim r→+∞ χ r (Q) = 1l, then the scalars on the l.h.s. above converge to 0 as r → +∞. Thus the claim follows from (4.12) and Lebesgue's dominated convergence theorem.
Time reversal
We now collect some elementary remarks related to time reversal for the (complete) scattering system {H 0 , H}.
Time reversal is implemented by the antiunitary involution
The Hamiltonian H is invariant under time reversal if
In such a case one has the identities e −ıtH ϕ = e ıtH ϕ, W ± ϕ = W ∓ ϕ and
for each ϕ ∈ H. Consider the bijection f : H → H, ϕ → Sϕ, which we call full time reversal. The map f corresponds to time reversal for the full scattering process, i.e. it interchanges past and future scattering data and reverses the direction of time. Furthermore one sees easily from (4.16) that f is an antiunitary involution. In order to give a rigourous interpretation of full time reversal we introduce the space E of scattering trajectories, i.e. the space of continuous maps
such that ı(∂ t Φ)(t) = HΦ(t) ∀t ∈ R (in the weak sense) and w-lim t→±∞ Φ(t) = 0.
The space E is invariant under the involution R : E → E, (RΦ)(t) := Φ(−t).
One can associate to a trajectory Φ ∈ E a vector ϕ := T (Φ) ∈ H defined by the constraint s-lim t→−∞ Φ(t) − e −ıtH0 ϕ = 0.
Due to the completeness of the wave operators we know that T : E → H is bijective, and we have f(ϕ) = T RT −1 (ϕ), ϕ ∈ H. 
Time delay
In the present section we shall give the proof of the existence of the symmetrized time delay. We first fix some notation. If A, B are two symmetric operators, then we set for each ϕ ∈ D(A) ∩ D(B):
If q is a quadratic form with domain D(q), and S is unitary, then we set for each
If A is an operator with domain D(A) and S is unitary, then we define the operator
We also recall that the function G Σ was introduced in Section 2 and that
is well defined on D 2 . The proof of the next proposition can be found in the appendix. We are now in a position to give the proof of our main theorem. It involves the operator 
as quadratic forms on D 2 . This yields
We conclude by using Lemma 4.3. 
remains bounded as r → ∞.
The integrand in the second term in (b) can be written as
where
The combination of facts (a) and (b) shows that τ r (ϕ) can have a limit for ϕ in a dense set E ⊂ H only if
which implies that [M (P ), S] = 0. Therefore, if the scattering operator S has no other symmetry than [S, P 2 ] = 0, one has M (P ) = F (P 2 ) for some function F , and it follows that M ≡ 0 since M (x) = −M (−x). In consequence τ r (ϕ) can have a limit for ϕ in a dense set E only if Σ satisfies Assumption 2.1. 
Using the formulas 
Stationary formulas
In the sequel we suppose that Σ satisfy Assumption 2.1. We know from Remark 2.3.(c) that there exists a symmetric star-shaped set Σ such that
for ϕ satisfying the hypotheses of Theorem 4.6. Thus with no loss of generality we may assume that Σ is symmetric and star-shaped. We also assume that the boundary ∂Σ of Σ is a C 2 hypersurface, so that the functions ℓ Σ and G Σ (see Formulas (2.3) and (2.4)) associated to Σ are C 2 . In such a case one has
as quadratic forms on D 2 (note that B Σ is a well-defined symmetric operator on D 1 ). Thus we can rewrite τ Σ (ϕ) as
) be the spectral transformation for H 0 , i.e. the unitary mapping defined by
where F denotes the Fourier transform. One has
is the scattering matrix for the pair {H 0 , H}. For shortness we shall set ϕ(λ) :
If the interaction V := H − H 0 is a potential sufficiently short-ranged, then there exists a dense set E ⊂ H such that the hypotheses of Theorem 4.6 are satisfied for any ϕ ∈ E (a precise definition of V and E can be found in [2, Prop.2] ). Furthermore the function λ → S(λ) is strongly continuously differentiable on E, and the second term in (4.22) is equal to the Eisenbud-Wigner time delay for any ϕ ∈ E:
Let us now consider the first term in (4.22) . Since the function x → G Σ x |x| is homogeneous of degree 0, one has x · (∇G Σ )
x |x| = 0, namely the vector field (∇G Σ )
x |x| is orthogonal to the radial direction. In fact a direct calculation shows that
where b Σ (ω, ∂ ω ) is a symmetric first order differential operator on S d−1 with C 1 coefficients. Therefore the operator U B Σ U −1 is essentially selfadjoint on U D 1 , and its closure is decomposable in the spectral representation of H 0 , i.e.
This yields the equality
.
In consequence the time delay (4.22) is the sum of two contributions, each of these being the expectation value of an operator decomposable in the spectral representation of H 0 .
where t ∈ R * and Z τ := e ıτ Q 2 /2 . Formula (4.24) and the change of variables µ = rt −1 , ν = r −1 , lead to the equalities
One has also
due to Assumption 2.1. Hence the l.h.s of (4.19) can be written as
(ii) To prove the statement, we shall show that one may interchange the limit and the integral in (4.25), by invoking Lebesgue's dominated convergence theorem. This will be done in (iii) below. If one assumes that this interchange is justified for the moment, then direct calculations give
This together with (4.26) lead to the desired equality, that is
(iii) To apply Lebesgue's dominated convergence theorem to (4.25) we need to bound K ν,µ (ϕ) uniformly in ν by a function in L 1 (R + , dµ). We do this separately for µ ≤ 1 and for µ ≥ 1.
We begin with the case µ ≤ 1. Write K ν,µ (ϕ) as Thus we have |K ν,µ (ϕ)| ≤ Const. µ
which shows that K ν,µ (ϕ) is bounded uniformly in ν by a function in L 1 ([0, 1], dµ). We consider now the case µ ≥ 1. Since ϕ = 1l J (H 0 )ϕ for some compact set J, there exists µ 0 ≥ 0 such that (ϕ, χ µ (P )ϕ) = (ϕ, χ −µ (P )ϕ) = (ϕ, ϕ), ∀µ ≥ µ 0 .
Hence for µ ≥ µ 0 , we have where we have used (4.15) in the last step. To bound the r.h.s. of (4.31) we will use the following identity, which is an easy consequence of (4.23):
[F (P + sQ) − F (P )] ϕ = The combination of (4.30) and (4.34) shows that K ν,µ (ϕ) is bounded uniformly in ν by a function in L 1 ([1, +∞[, dµ).
